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Introduction
Global population ageing, caused by fertility decline and increasing survival at older ages, has become a challenging issue of our times. The shift in the age structure of the population will profoundly reshape the social structure of our world as well as its economy.
There are around 600 million people aged 65 or older alive today. While their share is now about 8% of the total population, it will increase to some 13% in the next 20 years. According to the UN's population projections the world had 16 people aged 65 and over for every 100 adults between the ages of 25 and 64, but this dependency ratio will rise to 26 by 2035.
A recent article in the Economist describes how those "age invaders" are about to change the global economy. Besides the old age dependency ratio, in this publication another indicator of aging is mentioned: The ratio 65 or older alive today relative to all humans who have ever reached the age of 65. According to the Economist, Fred Pearce presumed that it is possible that half of all people who have ever been over 65 are alive today. Motivated by these discussions, in our paper we reconsider indicators that estimate the share of people above a specific age alive today in relation to all the humans who have ever reached this specific age. By using formal demography together with historical data on population processes, we show how such indicators can be estimated. Our results indicate that far fewer than half of all people who have ever been over 65 are alive in 2010.
Clearly, this paper is closely related to a question that has been posed by several prominent demographers, namely "How many people have ever lived on earth?" In his seminal book Applied Mathematical Demography, Keyfitz (1977) gives a brief introduction to the problem. Among the demographers who have dealt with this problem are Petty (1682), Winkler (1959) , Deevey (1960) , Desmond (1962) , and Keyfitz (1966) . More recent references are Tattersall (1996) , Johnson (1999) , Haub (2011), and Cohen (2014) . Cohen (2014) shows a table with various estimates of the number of people ever born by year t starting with Petty (1682 ) until Haub (2011 . It illustrates the wide range of the various estimates. For instance Haub's (2011) semi-scientific approach yields an estimate of 108 billion births since the dawn of the human race, assumed as 50,000 B.C. Thus 6.5% of those ever born were living in mid-2011.
Asking the question whether this fraction rises or falls, Cohen (2014) comes to the robust conclusion that at present it is increasing. On the other hand, if world population were to reach stationarity or decline, the fraction would fall. The significance of Cohen's analysis lies in the fact that he uses mathematical demography to obtain his results. The present paper follows his reasoning. By extending his approach we study the fraction of people ever surpassing a certain age limit y, say 65 years, who are now alive.
The paper is organized as follows. In Section 2 we introduce an analytic expression of the ratio of the number of people at ages above y in year T to the number of those that ever reached the age y and present a first rough and a more refined estimate of this number based on given historical population estimates. In Section 3 we analyze the behavior of π(y, T ) under different formal population models. In particular, we apply an exponential growth model (i.e., stable population) and alternatively a hyperbolic population model. Section 4 is devoted to an analytic and numerical investigation of the dynamic change in this expression with respect to the age threshold y and the time T . The final section concludes and highlights how far off estimations of our expression could be by using wrong models of historical populations.
Analytical framework and empirical assessments
In this section we first present the general formula to calculate the fraction of people over age y who ever lived who are currently alive in year T , which we denote by π(y, T ). Second, we calculate using data from several authors the ratio of people at age 65 alive in 2010 to the number of those who ever reached age 65.
Analytical framework
Let N (a, t) be the population size at age a in year t; B(c) be the number of births in year c; and (a, c) be the survival probability to age a for the birth cohort c. The number of people that ever reached old age y since the original cohort c = 0 is:
while the number of people currently alive at ages y and older is (assuming T > ω, where ω is the maximum age):
The proportion of interest is the ratio of the number of people currently at ages y+ to the number of those ever reached the age y:
The numerator of Equation (3) accounts for the living population older than age y in year T , which is represented by the vertical solid line in Figure 1 , while the denominator of Equation (3) is the population that ever lived to age y until year T , or the solid horizontal line in Figure 1 . 
Empirical assessments
Up to now Equation (3) has been empirically estimated several times since the pioneering article by Fucks (1951) for age y equal to zero. However, to our knowledge, no one has ever rigorously estimated the value of π(y, T ) for an age y greater than zero. In this section we present the first estimations of π(y, 2010) for an age y equal to 65 using two different approaches. One approach is based on breaking human history into several time intervals and assuming that the population grew at a constant rate within each interval.
In our second approach we relax the assumption of a constant population growth within each time interval. For a first estimate of π(65, 2010), we took data on total population and births before 1945 from Deevey (1960) , Keyfitz (1966) , Westing (1981), and Haub (2011) . These four authors cover plausible minimum (5.5%) and maximum (13.9%) values of the people who ever lived to age 65 who are alive in 2010. In all papers, the births born are calculated by dividing human history into several time intervals, within which the population is assumed to grow at a constant rate. Differences in the number of people who ever lived among all authors stem mainly from the number of intervals used, the assumed life expectancy at birth, and the crude birth rate in the first periods.
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For instance, the number of time intervals up to 1945 used by Deevey (1960) is 11, 8 intervals are applied by Haub (2011) , 6 intervals by Westing (1981) , and 4 intervals by Keyfitz (1966) . In the first time intervals, the life expectancy at birth ranges between age 13 (Haub 2011) and 25 (Deevey 1960; Keyfitz 1966) , with a middle value of 20 assumed by Westing (1981) . To compute the number of people that ever lived to age 65, shown in Table 1 , we multiply the total population born by the corresponding survival probability to age 65 in each period. The values of the survival probability to age 65 by different life expectancy are drawn from the UN General Model Life Table. See Table A -1 in the Appendix D for the calculations performed for each author. These assessments led to the estimate that the number of people who have survived to age 65 until 2010 ranges between 3,762 and 9,575 million people. The lowest value, obtained by Haub (2011) , crucially depends on a low life expectancy even for the most recent decades, while the highest value obtained by Deevey (1960) is due to the combination of a long time span (i.e., more than one million years) together with a high initial population size (i.e., 125,000 people). Given that the UN estimates a total number of people age 65+ in 2010 at close to 524 million, we obtain that between 5.5% and 13.9% of the total population who ever reached age 65 were alive in 2010. It is clear that these values fall below the presumption that half of people who have ever been over age 65 are alive today.
Unlike the previous estimate, in our second approach we more realistically assume that fertility and mortality vary within each time interval. As a consequence, this assessment better accounts for the rapid change in the vital rates during the last century. We do so by using a Generalized Inverse-Projection (GIP) model, which allows us to reconstruct the historical population by taking as a priori information the population numbers used in Table 1 (Lee 1966; Oeppen 1993) . More importantly, the GIP model allows us to match the reconstructed populations until 1950 with population data from 1950 to 2100 estimated by the UN (2013). 6 The match of the historical population to this UN data from 1950 to 2010 can be seen in Figure A -4 in Appendix C. The population numbers will be used in Section 4 to illustrate the dynamic features of π(y, T ). See Appendix C for the model details. Table 2 shows the total number of people age 65 who ever lived from 50,000 B.C until 2010 A.C that results from using in the GIP model the population data of Haub (2011 ) -column 3 -and Deevey (1960 -column 5. These assessments give a total number of people who have survived to age 65 through 2010 as ranging from 5,514 to 9,524 million people (see the last row in Table 2 ). Therefore, if the population older than 65 in 2010 was 524 million people, π(65, 2010) ranges between 5.5% and 9.5%. The difference between the first empirical assessment and the refined assessment for Haub (2011) stems from the fact that in the latter, more people survived to age 65 because the rapid mortality improvements during the last half of the 20 th century are taken into account. Similarly, we do not observe a large difference between the assessments made for Deevey's (1960) population data because the life expectancies assumed in the last intervals are closer to the actual values.
The GIP model also provides interesting additional insights. For instance, Figure 2 shows the persons-years ever lived up to each age until 2010 based on different historical population data. In panel 2 the absolute numbers are provided and we can see the comparison between the relative shares of the persons-years ever lived across age to the population distribution in 2010.
7 . Given that under a stable population the current population distribution should coincide with the relative size of the persons-years ever lived, Figure 2 gives us information about the pace of aging of the population.
In particular, based on Figure 2 the average age of the total population in 2010 was 30.9 years, while the average age of the people who ever lived up to 2010 is either 22.3 or 25.9, assuming Haub's or Deevey's population data, respectively. Thus, this result provides us information about the unusual stage that the population is facing and how the pace of ageing is increasing. 
Formal population models
In this section, we study the concept of population ever lived to a given age under two common population models. Such a formal demographic approach allows us to derive analytical expressions of our indicator of interest. First, we consider the classical model where numbers of births and all population numbers grow in exponential fashion consistent with time-invariant fertility and mortality rates, the model referred to as the stable population (Keyfitz and Caswell 2005; Preston, Heuveline, and Guillot 2001) . Because the population growth rate historically increased over time, the exponential mode overestimates person-years in the past and therefore produces a lower estimate for the pro-portion of people who ever lived who are alive now. The other model considered here, the hyperbolic growth model, assumes that the population growth rate is proportional to population size. As a consequence, the hyperbolic model leads to a higher estimate of the proportion of people who ever lived who are alive now. These two models provide useful formal demographic boundaries to the proportion of interest. Our results also contribute to a better understanding of the two important formal demographic models of population growth, i.e., which of these two models might better approximate demographic numbers such as the population who ever lived to a given age.
Exponential population growth
In the simplest case of a stable population, where life tables are assumed to be constant across cohorts (i.e., (a, c) = (a)) and births are assumed to grow exponentially at a constant rate r (i.e., B(c) = B(0)e rc ), π(y, T ) becomes
The integral in Equation (4) is the stable population at ages y+ divided by the stable population of exact age y, while the fraction in front of the integral is the ratio between the total births born in year T − y and the person-years lived between 0 and T − y.
In a stable population the fraction π(y, T ) converges to zero for r ≤ 0. Assuming positive population growth and T y, the ratio converges to the limit value:
Hence, under a stable population, the value of the integral is given by the inverse of the proportion of people aged 65 divided by those age 65+, which according to the UN estimates is about 7.50% at age y = 65 in 2010. On the other hand, the geometric mean of the long-run population growth rate from the origin of our race (50,000 BC) is approximately 0.035%. Consequently, if we use the existing data and assume a stable population model, the value of π(65, 2010) will be 0.00035 0.075 0.47%, which according to Figure 3 is above the range 0.20-0.35% that is obtained if a stable population with a life expectancy at birth between age 20 and 40, respectively, is assumed. This result shows that the stable population model is not capable of reproducing well the empirically assessed values of π(65, 2010) shown in Section 2. Partly this is because the exponential growth model does not account for recent improvements in survival to old age. However, even if we use an expression that takes into account actual data on current population size and age composition, this model yields a low value of π(65, 2010).
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Partly this is because the low historical growth rate produces a high number of people ever born relative to those who are currently alive. Thus, if we fit the exponential growth model to more recent data with faster population growth, the number of people everborn would be too low and the proportion π(65, 2010) too high. Fitting the model to the growth of population aged 65 from 1950 until 2010 (UN estimates) yields the estimate of about 1,953 million people who ever lived to age 65. Combining this estimate with the current number of people aged 65+ gives a π(65, 2010) value equal to 26.8%, which is above the more accurate empirical assessments of the previous section (but still well 8 Assuming a stable population, we can calculate π(y, T ) using only current population data as follows
Note that this expression reflects the recent mortality decline.
below the 50% level). In sum, the estimates based on the exponential growth model are too sensitive to the growth rate assumed in the model, and a single growth rate may not fit well to the actual population history with many periods of accelerated population growth (Keyfitz 1966) .
Hyperbolic population growth
The inability of the exponential growth model to fit the historically varying growth rate led researchers to super-exponential models (von Foerster, Mora, and Amiot 1960; von Hoerner 1975; Kapitza 1992; Kremer 1993) , where the growth rate increases in relation to a stock population variable. 9 Here we consider one particular type of such a model, the hyperbolic growth where (to better account for the varying vital rates affecting a specific age, we write the model for the population size at age y and not the total population size)
Solving this equation leads to
where N (y, 0) is the population size of age y at the onset of the hyperbolic growth and τ = 1 αN (y,0) is the time when the model produces a vertical asymptote. Integrating the number of people at age y until year T gives
Therefore, the ratio of the number of people currently at ages y+ to the number of those ever reached age y is:
Applying the hyperbolic growth model to the population at age 65, and fitting the model to the empirical numbers N (65, 2010) = 39.1 million and N (65, 1950) = 12.8 million yields τ = 2039 AC. Realize that the value τ would get closer to T when longer time intervals are used. Then, given that the UN estimates a total number of people age 65+ of 524.4 million people, Table 3 shows the following estimates for the people who ever reached age 65 and π(65, 2010): Note in Table 3 that as τ gets closer to T = 2010, the model produces very rapid population growth rates and hence smaller values for the number of people who ever reached age 65. Nevertheless, even when τ = 2015, π(65, 2010) is notably well below the 50% level. Fitting the model to the recent past, i.e., by setting τ = 2030, the model yields π(65, 2010) = 6.2%. This rate is between the range of plausible values obtained in the refined assessment (5.5%-9.5%) and higher than the exponential population growth model.
Dynamic features of π(y, T )
An analytical study of the dynamics of the ratio π(y, T ) is key to understanding its plausible boundaries. It also provides the necessary tools for analyzing in a systematic way past, present, and future values of π(y, T ). Recently, Cohen (2014) has shown that π(0, T ) (i.e., the fraction of people ever born up to time T who are alive at time T ) decreases over time for a stable population model, but it can increase or decrease with a superexponential or with a doomsday model. In this section we extend the analysis of Cohen (2014) by studying the dynamic features of the new indicator π(y, T ). Moreover, we provide values for π(y, T ) across different ages and over time using actual world population projections. Since π(y, T ) is a two dimensional function, we explore the change of π(y, T ) over time and over the threshold age y. Thus, we first differentiate log π(y, T ) with respect to time and, second, with respect to the threshold age y.
Changing time T
To analyze whether π(y, T ) might reach values close to 50% in the near future, we differentiate log π(y, T ) with respect to time T . After rearranging terms, we obtain
Equation (11) is the difference between the fractional change over time in the number of people alive above age y and the fractional change over time in the number who have ever reached age y. Equation (11) coincides with Equation (2) in Cohen (2014) , page 1562, when y = 0. The fractional change over time in the number of people alive above age y in year T can be either positive or negative. Indeed, the first term is the crude growth rate in year T of the population older than age y. In contrast, the second term in Equation (11) is always negative. As a result, π(y, T ) can either increase or decrease over time. Another important difference is that the first term in Equation (11) depends only on current information, whereas the second term depends on the historical population.
Assuming a stable population, we know from Proposition 1 that π(y, T ) is a decreasing function with respect to time T (see proof in Appendix A), which converges in the limit to Equation (5).
Proposition 1. In a stable population, for all r, π(y, T ) is monotonically decreasing with respect to time T .
Proposition 1 implies that for any stable population growth rate r, our fraction of interest π(y, T ) decreases over time at any age threshold y. This proposition extends to any arbitrary age y the result of Cohen (2014) for a stable population. The fact that π(y, T ) monotonically decreases over time is explained by two properties. First, in a stable population, the number of people currently alive at age y+, or numerator, increases at the same rate as the population. Second, in a stable population, the growth rate of the number of people who ever reached the age y, or denominator, is also positive but, when the time horizon is finite (0, T ), it increases at a decreasing rate over time. Thus, when T tends to infinity, the growth rate of the number of people who ever reached age y asymptotically converges to the population growth rate. This explains why π(y, T ) starts at T = ω at a high value and monotonically decreases towards Equation (5). Figure 4 illustrates Proposition 1 by plotting all possible values of π(y = 65, T ) between year T = ω and T ↑ ∞ by different life expectancies at birth and growth rates of births. All feasible values are contained in the blue area. Since π(y, T ) decreases over time, the highest value of π(65, T ) for a given population growth rate occurs when T = ω, while the lowest value occurs when T ↑ ∞. Figure 4 also provides two interesting results. First, higher population growth rates lead to higher values of π(y, T ). Second, a higher life expectancy also increases the value of π(y, T ). Therefore, given that during the demographic transition both fertility and mortality changes, the sign of Equation (11) is a priori ambiguous and we need to perform an empirical analysis. Nevertheless, the first term in Equation (11) will typically be higher than the second one when the growth rate of births increases, because the population reaching age y increases faster than the deaths above that age (Cohen 2014) . For this reason, as shown in Figure 5 , π(y, T ) has continuously increased during the 20 th century at all ages analyzed. In the 21 st century, however, according to the medium variant UN (2013) estimates, the proportion π(y, T ) may eventually decline at different ages after reaching a maximum due to the expected slowdown in the growth rate of births. For instance, π(0, T ) is expected to reach a maximum value between 8-12% during the second half of the 21 st century, π(65, T ) will peak between 13-19% in the 2060s.
Changing age threshold y
In the first case, taking logarithms of both sides of Equation (3) and differentiating with respect to y gives
Equation (12) is the difference between the fractional change over age in the number of people who have ever reached age y and the fractional change over age in the number alive above age y. The first term, which is always positive, is the ratio between the number of people at y in year T and the number of people who ever reached age y, i.e.,
N (y,T )
T −y 0 N (y,c+y)dc , plus the average mortality rate at y, weighted by the population ever reached age y, or
µ(y, c + y)dc. The second term, which is always negative, is the proportion of people age y exactly among all age y+ in year T . A priori, the sign of Equation (12) is ambiguous. Higher ages imply a greater contribution of mortality on π(y, T ) due to the positive correlation between age and mortality. But higher ages also imply a greater proportion of people age y among all age y+ in the same year. The sign of (12) is, nonetheless, known for some special cases. For example, in a stable population, Proposition 2 shows that π(y, T ) is monotonically decreasing with respect to the age threshold y (see proof in Appendix B).
Proposition 2. In a stable population with r > 0, π(y, T ) is monotonically decreasing with respect to the age threshold y if the death rate from age y onwards is nondecreasing.
Proposition 2 implies that, in a stable population with r > 0, the reduction in the number of people alive at age y and older is, in relative terms, smaller than the reduction in the number of people who ever reached age y if, and only if, the death rate from age y onwards is nondecreasing. Therefore, in a growing stable population, π(y, T ) is increasing early in life, due to the fact that infant death rates are historically higher than the proportion of people at age y (y belonging to infant ages) among all y+; it reaches a maximum and it monotonically decreases until very old ages (see Figure 3 in Johnson (1999) for an illustration with a constant population growth rate).
In reality, however, the population growth rate is not constant over time. As in Equation (30), the population growth rate is driven by gains or losses in life expectancy and by increases or decreases in the fertility rate. In this setting, Proposition 2 does not necessarily hold, and it is necessary to perform an empirical analysis. Figure 6 shows, for the two extreme cases modeled with the GIP method, the decomposition of the fractional change over age in the fraction of people above age y ever lived who are alive in 2010. The solid lines (black for Haub-UN and gray for Deevey-UN) represent the fractional change over age in the number of people who ever reached age y (or the first term in Equation (12)), while the dashed red line is the fractional change over age in the number of people alive in 2010 above age y (or the second term in Equation (12)). The second term is the same in both cases since it is based on current population data. In contrast, the black solid line and the gray solid line differ because they are based on historical estimates. Consequently, since historically the age-specific mortality rates are higher in Haub (2011) than in Deevey (1960) , the black solid line is higher than the gray solid line. Recall that Haub (2011) starts with a life expectancy at birth of age 13, while Deevey (1960) assumes, similar to Keyfitz (1966) , a life expectancy of 25 at the onset of Homo sapiens. The crossing point between the gray and black solid lines at old age is due to the higher weight of historical data in Deevey (1960) than in Haub (2011) , since the former assumed that more people reached old age. From Figure 6 , we know that Equation (12) is positive at young and old ages, i.e., when the solid lines are above the dashed line, and it is negative from age 7 to the end of prime working age (around age 60). Therefore, according to Figure 6 , the fraction π(y, 2010) should have a local maximum early in life and a local minimum late in life. Figure 7 shows the fraction of people above different ages y who ever lived and were alive in 2010 (actual numbers are summarized in Table A Figure 7 suggests, in both cases we find that π(y, 2010) increases early in life, reaching a maximum between 11% and 13% at age 5 (gray line) and at age 7 (black line). Then, it declines until age 65 (gray line) and age 60 (black line), and finally rises, reaching a value of 8% (gray line) and almost 15% (black line) at age 80. Initially, π(y, 2010) rises because the historical average mortality rate at age 0 -i.e., the first term in (12) -until 2010 is close to 23% (in Deevey -UN) and 35% (in Haub -UN), while the proportion of recently born among the total population in 2010 is close to 2%. Second, the faster decrease over age in the gray solid line from age 8 to age 60 compared to the black solid line is explained by the lower mortality rate in the former case relative to the proportion of people at age y among all age y+ in 2010 (cf. Figures 6 and 7) . As a consequence, π(65, 2010) is three percentage points greater in the black solid line (9%) than in the gray solid line (6%). Therefore, according to Figure 7 we cannot expect -based on realistic scenarios -π(65, 2010) values close to 50% for any age threshold y < 80.
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Conclusion and discussion
The question of how many people have ever lived has been discussed extensively in the demographic literature. In a recent study Cohen (2014) followed this earlier research and studied the change over time in the fraction of people ever born who are currently alive. In this paper, we extend the analysis by Cohen and investigate the fraction of people above a specific age threshold y alive at time T to the population that ever was alive and reached this age threshold, which we denote by π(y, T ). Such a measure may yield a new view on the pace of population ageing over time. Through our analysis we can show that the guess of Fred Pearce (Economist 2014) , that half of all people who have ever reached the age of 65 are alive today, is not true. Indeed, such a number would be never attainable, neither theoretically (in a stable population), nor empirically according to existing data.
Since the stable population model is quite a restrictive approximation over such a long time period, we extended our analysis to a hyperbolic growth model and a nonstable population model where we indirectly estimated the time series of fertility and mortality allowing for differences across various subperiods. Our estimates for the fraction π(65, 2010) ranges from 5.5% to about 9.5%, which is clearly well below the estimates cited in Pearce (Economist 2014).
We have applied simple mathematical demography to analytically express π(y, T ) and use the framework of the Lexis diagram to illustrate this fraction. Assuming a stable population model and a hyperbolic growth model, we were able to derive analytical expressions for π(y, T ). For the specific case of a stationary population this fraction converges to 0 for T going to infinity. Assuming, however, a stable population with positive growth rate r > 0 we could analytically derive an expression of the fraction π(y, T ) which amounts to a weighted integral of the further life expectancy at age y with the weights being an exponential discount with the stable population growth rate.
In the rest of the paper we studied the sensitivity of the fraction π(y, T ) with respect to the time T and the age y.
The fraction π(y, T ) may be nonmonotonic with respect to T , as we have demonstrated in our numerical calculations for values of π(y, T ) for T between 1850 and 2100 in the case of y = 65. In this case, π(y, T ) first increases with T , while it decreases afterwards starting at time periods around T = 2050. The behavior of π(y, T ) over time is explained by two terms. The first one is the crude growth rate in year T of the population older than age y, which can be either positive or negative. The second one is the fractional change over time in the number of people who ever reached age y. During the 20 th century and first half of the 21 st century the first term will typically be higher than the second one when the growth rate of births increases, because the population reaching age y increases faster than the deaths above that age. The values obtained for various time periods and different age thresholds are again well below 50% and could be as low as 1% for early time periods T = 1850 and up to about 20% in 2050.
For illustrations we also provided the range of values for π(65, T ) for extreme values of T given a stable population under various growth rates of births and for alternative values of the life expectancy at birth. Only in case of a very high growth rate of births could we obtain values of π(65, T ) similar to the 50% of Pearce (Economist 2014) or even larger. Nevertheless, using our estimates of population over time, Table 4 shows that the value of π(65, 2010) is always lower than 50% even when we start counting the population ever lived to age 65 at more recent years. For a given contemporaneous time T , we also demonstrated that the fraction is nonmonotonic in age y. It first increases with the age threshold at younger ages, then starts to decline before it increases again for older ages. This property can be explained by two opposite forces. The first one is positive and depends on the average historical mortality rate at age y. The second is negative and it is the proportion of people at age y among all people age y+ in year T , which depends on contemporaneous data. The nondecreasing property of π(y, T ) over the age threshold at young and old ages is explained by the fact that the high mortality rates at these ages in the past dominate over the present mortality rates at these two life periods. Nevertheless, and despite π(y, T ) increasing at old ages, our results clearly indicate for all age thresholds the value of the fraction π(y, T ) in year T = 2010 is far below 50% and ranges from 0.05 to at most about 0.15.
Summing up through our analytical and numerical derivations, and by applying realistic time series of historic and future fertility and mortality patterns, we offer realistic estimates of the fraction of people alive today above a specific age among all those who ever lived to this specific age. Our results indicate that this fraction for age 65 has increased over time, supporting the argument that the pace of ageing has increased.
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Note that Equation (14) is always negative for any r = 0, since sgn[r] = sgn e −r(T −y)
1−e −r(T −y)
For the extreme case that r = 0, applying l'Hôpital's rule we have
We thus conclude that in a stable population,
π(y,T ) is always negative, which proves Proposition 1.
An illustration of the fractional change over time in a Lexis diagram is provided in Figure A Assuming time-constant death rate at age y (µ y ), let us define
where
(By contradiction:) if π > π it should be satisfied that
Rearranging terms and multiplying by −1 gives
Defining ∆ B = b∆ and simplifying
Note that b is the total number of births per year who have survived to age y, whereas ∆ is an infinitesimal number. Rearranging terms and using the definition of π gives
Provided that for any stable population lim T →∞ π = 0, we obtain
Under a stationary population b/A = 1/e y . Hence,
If the death rate from age y is nondecreasing and ∆ → 0, 1/e y ≥ µ y , which contradicts the above inequality. Therefore, we have shown that π < π when the population is stationary.
It is important to realize that π < π also applies to a stable population with a fixed mortality schedule across cohorts. If the death rate at age y is constant, it can be shown for ∆ → 0 Using Equation (30), we have
Therefore, if r > 0
which also proves by contradiction that π < π. Table 2 using the GIP method
To reconstruct the historical population, we use the Generalized Inverse Projection (GIP) model (Lee 1966; Oeppen 1993) . The main property of the GIP model is that it gives a population structure that is consistent by age and over time for nonstable populations. This feature is particularly important for reconstructing the change in the population structure after the industrial revolution since the growth rate of the population markedly differs from a constant population growth.
To account for changes in fertility and mortality over time, we consider that the survival probability to age a of an individual born in year c, (a, c), and the fertility rate at age a of an individual born in year c, f (a, c) are, respectively, given by
where M (a, c) = a 0 µ(x, c + x)dx is the cumulative mortality hazard rate at age a for an individual born in year c and µ(x, c + x) is the mortality hazard rate at age x in year c + x. In Equation (29) it is assumed that fertility is concentrated at the mean age at childbearing, where f is the average number of children of the birth cohort 0, exp{φ(c)} indicates the cohort-specific change from the initial cohort in the number of children, and A is the unique age of childbearing.
Like the Lee and Carter (1992) model, we assume that log µ(x, c + x) = α(x) + k(c + x)β(x), where α(x) and β(x) represent the fixed age effects and the rate of change in mortality at age x in response to a change in k, and k(c + x) is the level of mortality at time c + x. Particular functional forms of Equation (29) have been previously studied in the context of population growth theory. For instance, Coale and Zelnik (1963 ), Feichtinger and Vogelsang (1978 ), and Feichtinger (1979 showed that when φ(t) = φ · t the birth trajectory is given by B(t) = B(0) exp
2 , where φ is the rate of change in the level of fertility. Here, however, we assume that total births depend on both fertility and mortality. Thereby, combining (28) and (29) the total number of births born in year c becomes
Assuming a unique age of childbearing (A), the renewal equation at time s + A is
From (28) and (29), taking logarithms to both sides of (31) and differentiating with respect to s gives
where r(s) is the growth rate of births in year s. Iterating (32) recursively until time 0 gives
Integrating (33) with respect to time equals the total contribution of changes in mortality and fertility on the growth rate of births until time t (i.e., log{B(t)/B(0)})
By changing the order of integration and rearranging terms, we have
Solving the integral and assuming
which is equivalent to Equation (30). Equation (30) shows to what extent former changes in fertility and mortality affect the growth rate of births. Substituting (28) and (30) 
Therefore, given α(x) and β(x), Equation (34) implies that π(y, T ) is a function of the history of φ(·) and k(·). Our fixed age-specific mortality rates, α(·), as well as the relative rate of change in mortality across age groups, β(·), are derived from the model life table by level of life expectancy provided by the UN (2013) . Figure A-3 shows the age components of the underlying survival probabilities. These values are calculated taking the first principal component from the mortality data by life expectancy reported by the UN (2013). Moreover, we set the mean age of childbearing (A) at 27, similar to that of Hutterites, given the historical nature of our calculations. 
Objective function
Given an initial number of births B(0) and a time series of demographic values {N (t), e 0 (t)} T t=0
and a set of population distributions {N (a, t)} t=0,...,T a=0,...,ω , the historical populations of Haub (2011) and Deevey (1960) 
where (a, t − a) = e {− a−1 s=0 exp(α(s)+k(t−a+s)β(s))} , f (A, t − A) = f · e φ(t−A) , k = [k(0), . . . , k(T )], φ = [φ(0), . . . , φ(T )], and [k,φ, −k, −φ] are the maximum and minimum values of {k(t),φ(t)} for t = 0, . . . , T , which are set at [30, 0.5, 50, 2] , and f f ab = 0.4886 is the fraction of female at birth. Figure A -4 depicts the matching of the GIP method to the UN population distribution for selected years. Although it is almost imperceptible due to the good matching, green solid lines represent the population distribution obtained with the GIP method, and blue solid lines depict UN population data by single years of age.
To derive minimum and maximum values of π (65, 2010) , the values of φ(·) and k(·) were calculated for the population data of Deevey (1960) and Haub (2011) 
